AIAA JOURNAL
Vol. 41, No. 9, September 2003

New Stochastic Algorithm for Design Optimization
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A new stochastic algorithm for design optimization is introduced. Called generalized extremal optimization
(GEO), it is intended to be used in complex optimization problems where traditional gradient-based methods may
become inefficient, such as when applied to a nonconvex or disjoint design space, or when there are different kinds
of design variablesin it. The algorithm is easy to implement, does not make use of derivatives, and can be applied to
unconstrained or constrained problems, and nonconvex or disjoint design spaces, in the presence of any combination
of continuous, discrete, or integer variables. It is a global search metaheuristic, as are genetic algorithms (GAs)
and simulated annealing (SA), but with the a priori advantage of having only one free parameter to adjust. The
algorithm is presented in two implementations and its performance is assessed on a set of test functions. A simple
application to the design of a glider airfoil is also presented. It is shown that the GEO algorithm is competitive in
performance with the GA and SA and is an attractive tool to be used on applicationsin the aerospace field.

I. Introduction

TOCHASTIC algorithms, inspired by nature, have been suc-

cessfully used for tackling optimization problems in engineer-
ing and science.'”> Simulated annealing (SA)® and genetic algo-
rithms (GAs)’ are probably the two methods most used. Their
robustness and easy implementation to a broad class of problems,
regardless of such difficulties as the presence of multiple local min-
ima in the design space and the mixing of continuous and discrete
variables, has made them good tools to tackle complex problems in
the aerospace field.*3=2* The main disadvantage of these methods is
that they usually need a great number of evaluations of the objective
functionto be effective. Hence, in problems where the calculationof
the objective function is very time consuming, these methods may
become impracticable. Nevertheless, the availability of fast com-
puting resources or the use of hybrid techniques 3-11-13:14.16.22.23.25
has made the power of those algorithms available even to that kind
of problems. Today there are many derivatives of the SA and GAs
methods, created to give more efficiency to the proposed original
algorithms, but that essentially keep their same principles.

SA is a method inspired by the behavior of a collection of atoms
immersed in a heat bath subjected to a cooling schedule® At a
given bath temperature, a random displacementof an atom to a new
position in the bath is accepted if the total energy of the system
decreases. If the energy increases, the displacement of the atom is
accepted with probability proportionalto exp(—AU /T), where AU
is thechangein the energy of the system caused by the displacement
of the atom and 7 is the temperature of the heat bath. As the bath
temperatureis decreased,the probabilityof acceptanceto anew con-
figuration with higher energy than the previous one also decreases.
Similarly, in the canonical SA algorithm, the search for the optima
beginswith a given configuration C of the design variablesata given
initial temperature 7. The energy of the system is given by the ob-

Received 13 December 2002;revision received 5 February 2003;accepted
for publication 14 April 2003. Copyright © 2003 by the American Insti-
tute of Aeronautics and Astronautics, Inc. All rights reserved. Copies of
this paper may be made for personal or internal use, on condition that the
copier pay the $10.00 per-copy fee to the Copyright Clearance Center, Inc.,
222 Rosewood Drive, Danvers, MA 01923;include the code 0001-1452/03
$10.00 in correspondence with the CCC.

*Research Engineer, Divisdo de Mecanica Espacial e Controle, Av. dos
Astronautas 1758.

Senior Researcher, Laboratério Associado de Computacio e Matematica
Aplicada, Av. dos Astronautas 1758.

* Associate Professor, Divisdo de Engenharia Aerondutica, Praca Mar.
Eduardo Gomes 50.

1808

jective function value V. The design variables are then perturbed
randomly to a new configuration C’ and its energy calculated, V'. If
it is lower than the previous one, the new configuration is accepted.
Ifitis higher,thechangein the variablesis accepted with probability
~exp[— (V' —V)/T]. This process is repeated for a given number
of times until the system is in thermal equilibrium. The temperature
is then decreased to a lower level, and new configurations are tried.
Similar to the physical system, as the temperature decreases, an up-
hill movement on the objective function for minimization problems
becomes increasingly less probable.

GAs belong to a class of methods called evolutionary algorithms
(EAs)*26 that are inspired by the process of natural selection. As in
nature, EAs evolve a populationof individualsthrough competition,
mating, and mutation. In their practical implementation, this is done
by a stochastic process that selects the more adapted individuals,
mating them to produce better and better solutions. Mutation is
applied to some individuals to introduce diversity in the population
and to prevent early convergenceto local optima. In canonical GA,
the individuals are coded as binary strings (the genetic code) and
representsolutionsin the design space. The populationis initialized
randomly, and the fitness of each individualis given by its objective
function value. Selection of individuals to mate is based on their
fitness (the better ones have a greater probability to be chosen)
and the reproduction process, through exchange of part of their
genetic code. Mutation is applied to the new population, flipping
the bits (with a low probability) of the individuals generated by the
reproduction process.

Although SA and GAs were inspired by different natural pro-
cesses, their practical implementation to optimization problems
shares a common feature: The search for the global optimal is done
through a stochastic process that is guided by setting adjustable
parameters. In canonical SA, they are the setting of the initial tem-
perature, the time (iterations) spent at each temperature level, and
the cooling schedule. In canonical GA, it is setting the population
size, the selection procedure, crossover and mutation probabilities,
and the number of generations. The proper tuning of these parame-
ters is very important to obtain good performance of the algorithms
and can become a costly task in itself. This has led researchers to
propose implementations of these algorithms that try to minimize,'°
or even avoid,” the necessity of parameter “fine tuning” to specific
problems.

Recently, Boettcher and Percus®® proposed a new optimization
algorithm that, like the GA, is based on the principles of natural se-
lection, but that does not uses the GA’s framework of populationre-
production. Their algorithm is built on a simplified model of natural
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selection, developed to show the emergence of self-organized criti-
cality (SOC) in ecosystems 2’ Evolutionin this model is driven by a
processwhere the weakest speciesin the populationis always forced
to mutate. Moreover, the ones near it, and hence affected by their
evolution, are also forced to mutate. The dynamics of this extremal
process showed characteristicsof SOC, such as punctuated equilib-
rium, that are also observed in natural ecosystems?® Boettcher and
Percus®® have adapted the evolutionarymodel of Bak and Sneppen?®
to tackle hard problems in combinatorial optimization, calling their
algorithm extremal optimization (EO). To improve performance,
they modified the basic EO algorithm, introducing an adjustable pa-
rameter so that the search would not be trappedin local optima, that
would be the result of a search based only on the forced mutation of
the weakest species. This variation of the EO algorithm was called
7—-EO and showed superior performance over the EO even in the
caseswhere the EO worked well. However, a drawbackto t—EO (and
also EO) is that, for each new optimization problem assessed, a new
way to define the fitness of the design variables has to be created.?®
Moreover, to our knowledge, it has been applied so far to combina-
torial problems with no implementation to continuous functions.

In this paper, the generalized EO (GEO) algorithm is proposed.
The GEO algorithm uses the same approach as the 7—EO, but the
way it is implemented allows it to be readily appliedin a broad class
of engineeringproblems. The algorithmis easily implemented, does
not make use of derivatives, and can be applied to unconstrainedor
constrained problems and nonconvex or disjoint design spaces, in
the presence of any combination of continuous, discrete, or integer
design variables. It is a global search meta-heuristic, as are GA and
SA, but with the a prioriadvantageof havingonly one free parameter
to adjust.

The next sections of this paper are organizedas follows. In Sec. 11,
the EO and t-EO algorithms are described. In Sec. III, the GEO
algorithmis presented.In Sec. IV, the GEO algorithmistestedin a set
of test functions,and its performanceis compared to other stochastic
algorithms. An application of the GEO algorithm in airfoil design
is shown in Sec. V, followed by the conclusionsin Sec. VI.

II. EO Method

SOC has been used to explain the behavior of complex systems
in different areas such as geology, economy, and biology.3**! The
SOC theory states that large interactive systems evolves naturally
to a critical state, where a single change in one of its elements
generates “avalanches” that can reach any number of elements on
the system.’*-3! The probability distribution of the sizes s of these
avalanches is described by a power law in the form P(s) ~s7",
where 7 is a positive parameter. That is, smaller avalanches are
more likely to occur than big ones, but even avalanches as big as
the whole system may occur with a nonnegligible probability. To
show that SOC could explain features of systems such as natural
evolution, Bak and Sneppen?® developed a simplified model of an
ecosystemin which speciesare placed side by side on a line with pe-
riodic boundary conditions. A fitness number is assigned randomly
to each species, with uniform distribution, in the range [0,1]. The
least adapted species, the one with the least fitness, is then forced
to mutate, and a new random number assigned to it. The change in
the fitness of the least adapted species alters the fitness landscape
of their neighbors, and to cope with that, new random numbers are
alsoassignedto them, evenif they are well adapted. After some iter-
ations, the system evolves to a critical state, where all species have
fitness above a critical threshold. Nevertheless, the dynamics of the
system eventually causes a number of species to fall below the crit-
ical thresholdin avalanches that can be as big as the whole system.

An optimizationheuristicbased on a dynamic search thatembod-
ies SOC would evolve solutionsquickly, systematicallymutating the
worst individuals. At the same time, this approach would preserve,
throughout the search process, the possibility of probing different
regions of the design space (via avalanches),enabling the algorithm
to escape local optima. The basic EO algorithm was proposed as
follows™:

1) Initialize configuration C of design variables x; at will; set
Cbest =C.

2) For the current configuration C, a) set a fitness F; to each
variable x;, b) find j satisfying F; < F; for all i, ¢) choose C’ in a
neighborhood N (C) of C so that x; must change, d) accept C =C’
unconditionally,and e) if V(C) < V(Cley), then set Cyee =C.

3) Repeat step 2 as long as desired.

4) Return Cye and V (Ciegr)-

The preceding algorithm demonstrates good performance on
problems, such as graph partitioning, where EO can choose new
configurations randomly among neighborhoods of C, while satis-
fying step 2c. However when applied to other types of problems, it
can lead to a deterministicsearch.?® To overcome this, the algorithm
was modified as follows: In step 2b, the N variables x; are ranked
so that to the variable with the least fitness is assigned rank 1, and
the one with the best fitness is rank N, where N is the number of
variables. Each time the algorithm passes throughstep 2c, a variable
is chosen to be mutated according to a probability distribution of
the k ranks, given by

P(k) k77, 1<k<N (1)
where 7 is a positive adjustable parameter. For r — 0, the algorithm
becomes a random walk, whereas for T — 00, we have a determinis-
tic search. The introductionof the parameter t allows the algorithm
to choose any variable to mutate, but privileges the ones with low
fitness. This implementation of the EO method is called the T—EO
algorithm®® and demonstrated superior performance to the standard
implementation even in cases where the basic EO algorithm would
notlead to local minima. Note that, differentfrom the EAs, the pop-
ulation of species, or individuals,in the EO (or its variation T—EO)
is formed by the variables themselves, not by a collection of design
solutions.

As pointed out by Boettcher and Percus,?® referring collectively
toboth EO and 7-EO, “a drawback to EO is that a general definition
of fitness for the individual variables may prove ambiguous or even
impossible.”?® This means that, for each new optimization problem
assessed, a new way to define the fitness of the design variables
has to be created. Moreover, to our knowledge, it has been applied
so far to combinatorial problems, with no implementation to con-
tinuous functions. To make the EO method applicable to a broad
class of design optimization problems, without concern as to how
the fitness of the design variables would be assigned and capable
to tackle either continuous, discrete, or integer variables, a general-
ization of the T—EO, GEO, was devised. In this new algorithm, the
fitness assignment is not done directly to the design variables, but
to a population of species that encodes the variables. Each species
receivesits fitness, and eventually mutates, following general rules.
The GEO algorithmis described in the next section.

III. GEO Algorithm

The GEO algorithm was devised using the same logic of the
evolutionary model of Bak and Sneppen?® but applying the T—-EO
approach to mutate the species. Following Bak and Sneppen,?® L
species are aligned, and for each species a fitness value is assigned
that will determine the species that are more prone to mutate. We
can think of these species as bits that can assume the values of O or 1.
Hence, the entire population would consist of a single binary string.
The design variables of the optimization problem are encoded in
this string, which is similar to a chromosome in a GA with binary
representation (Fig. 1).

To each species (bit) is assigned a fitness number that is pro-
portional to the gain (or loss) the objective function value has in
mutating (flipping) the bit. All bits are then ranked from rank 1, for
the least adapted bit, to NV for the best adapted. A bit is then mutated
(flipped) according to the probability distribution (1). This process
is repeated until a given stopping criterion is reached and the best
configuration of bits found through the process (the one that gives
the best value for the objective function) is returned.

The practical implementation of the GEO algorithm to a function
optimization problem is as follows:

1) Initialize randomly a binary string of length L that en-
codes N design variables of bit length /;, j =1, N. For the initial
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configuration C of bits, calculate the objective function value V and
set Cpeq =C and Vio = V.

2) For each bit i of the string, at a given iteration, a) flip the bit
(fromOto 1 or 1 to 0) and calculate the objective function value V; of
the stringconfigurationC;,b) setthebitfitnessas AV; = (V; — View),
which indicates the relative gain (or loss) that one has in mutating
the bit, compared to the best objective function value found so far,
and c) return the bit to its original value.

3) Rank the bits according to their fitness values, from k =1 for
the least adapted bit to k = L for the best adapted. In a minimiza-
tion problem, higher values of AV; will have higher ranking, and
vice versa for maximization problems. If two or more bits have the
same fitness, rank them randomly with uniform distribution.

4) Choose with uniform probability a candidate bit i to mutate
(flip from O to 1 or from 1 to 0). Generate a random number RAN
with uniform distributionin the range [0,1]. If P;(k) =k~7 is equal
or greater than RAN, the bit is confirmed to mutate. Otherwise,
choose a new candidate bit, and repeat the process until a bit is
confirmed to mutate.

5) Set C =C; and V =V, with i the bit confirmed to mutate in
step 4.

6) If V < Viest(V > Viest, fOr a maximization problem), then set
Vbest =V and Cbest =C.

7) Repeat steps 2—6 until a given stopping criterion is reached.

8) Return Ceg and Viey.

Note that in step 4 any bit can be chosen to mutate but that the
probabilityofa given chosenbit be confirmed to mutateis dependent
onitsrank position. The ones more adapted (with higherrank values)
are less prone to have their mutation confirmed, and only the least
adapted bit (rank = 1) is always confirmed to mutate, if chosen. The
probability of mutating the chosen bit is regulated by the adjustable
parameter t. The higher the value of t is, the smaller the chance
of a bit (with rank greater than 1) being mutated. The possibility
of making moves that do not improve the value of the objective
function is what allows the algorithm to escape from local optima.

In a practical application of the GEO algorithm, the first decision
to be made is on the definition of the number of bits that will repre-
sent each design variable. This can be done simply setting for each

’—> Design variable

S A

[1[1]ofo[1]o[1]o- - -1]of1]o[0[1]0[1]

!

Each bit represents one species

Fig. 1 Design variables encoded in a binary string; in this example
each variable is represented by six bits.

variable the number of bits necessary to assure a given desirable
precision for each of them. For continuous variables, the minimum
number, m, of bits necessary to achieve a certain precision is given
by

2 =[x =) /p+1] @

where xj. and x7 are the lower and upper bounds, respectively, of the
variable j, with j =1, N, and p is the desired precision. The phys-
ical value of each design variable is obtained through the equation

X = () =) - 11,/@ = 1] 3)

where /; is the integer number obtained in the transformation of the
variable j from its binary form to a decimal representation.

To make clear the functioningof the GEO algorithm,in Table 1 the
main steps of the algorithm are illustrated with a simple numerical
example. The problemis to find the global minimum of the function

2

Fx)=) x?

j=1

in the interval —5.1 <x; <5.1, with a precision of 0.1 for all vari-
ables. From Eq. (2), the minimum number of bits necessary to
achieve this precision is m =6.6865. Because the number of bits
must be an integer, /; =7 is adopted for each variable.

First, a random sequence of bits that encodes the variables is
generated(step 1). Thisis the bestsolutionso far for the problem,and
then Vs = V, where V is the objective function value of the present
string of bits. In step 2, each bit i is flipped, the objective function
value, V; in the new configuration computed, and the corresponding
fitnessnumbersetto AV; = V; — V.. Note that after the calculation
of its fitness the bit is returned to its original value. As shown in
Table 1, the fitness value for the first bit, i =1 is —0.15 and for the
lastone, i = 14,is —16.83. These numbers indicate that a change in
the first bit represents a smaller reduction in Vs than a change in
the last bit of the string. That is, the first bit is better adapted than
the last one. In step 3, all bits are ranked in accordance with their
adaptability, in the sense of step 2, in the population of bits. The
bit with the lowest AV; (in the example the 14th, i = 14 is the least
adapted and then occupies the first position in the ranking, k =1,
whereas the one with the highest AV; (in the example the 7th bit,
i =7)is thebestadaptedand receivesthe last positionon theranking
(k=14). In step 4, one bit is mutated. In the example, the first bit
of the string, that has a ranking position kK = 6 (and, thus, is not the
least adapted bit), was mutated. This makes clear the possibility of
a poorly adapted bit be mutated. In this example, T = 1.0 was used,
which means that, when the first bit of the string was randomly
chosen, it had a probability of é =0.17 to be confirmed to mutate.
In comparison, if the last bit of the string (which is ranked at k = 1)
had been chosen, it would have been confirmed to mutate with 100%
probability.

Table 1 Simple numerical example of GEO algorithm steps

Step Binary value® x}f )c}zj Vv Vi Vbest AV; k

1 01101101110100 —0.8 —4.2 18.28 — 18.28 — —
11101101110100 —0.7 —4.2 18.28 18.13 18.28 —0.15 —
Find the fitness of each bit on the string
01101101110101 —-0.8 0.9 18.28 1.45 18.28 —16.83 e

3 01101101110101 —-0.8 0.9 18.28 1.45 18.28 —16.83 1
Rank the bits of the string acording to its fitness
01101111110100 4.4 —4.2 18.28 37.0 18.28 18.72 14
11101101110100 —0.7 —4.2 18.28 18.13 18.28 —0.15
11101101110100 —0.7 —4.2 18.13 18.13 18.28 —0.15 6

— — — — 18.13 18.13 — —

[~ BEN e QU RN

Repeat steps 2—6 until a given stopping on criterion is reached
Return the configuration of bits associated with Vpest and its value

“Bits in italic correspond to x; and the others to x,. The least significant bit of each variable is the one on the left end of the
substring correspondent to each variable. The bit numbering i of the whole string commences from left to right.

®Variables are rounded to the nearest real, within their precision.
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Taking into Account Discrete and Integer Variables

As we have seen, continuousvariablesarerepresentedin the GEO
in binary form, with precision p. Integer variables have precision
p=1 and may be treated as presented by Lin and Hajela*? for a
binarycoded GA. If therelation (x4 — x}) =2" — I issatisfied, there
is a string of bits that will encode all variables biunivocally.If there
is not a direct correspondencebetween one sequence of bits and the
variables, the smallest number m that satisfies 2" > (x;? — x;) +1is
calculated, and for each of the N variables one sequence of bits is
associated. Integers out of the range of the variables are attributed
to the remaining 2" — N strings, which are treated as unfeasible
solutions. (How GEO deals with constraintsis describedin the next
subsection.) Integers within the feasible interval may also be used.
In this case, one or more variables will be associated with more than
one sequence of bits. Although this last option avoids the necessity
of imposing additional constraints to the problem, in the case of the
GEO, it implies a nonuniform probability for the selection process
of the bit to be mutated in step 4.

Discrete variables may be treated in the same way as the integer
variables.?? The processis carried out in two steps: First, an integer
number is associated to each discrete variable, and second, one of
the approaches described earlier is used to code them into binary
form.

How GEO Deals with Constraints

Constraintsin design optimizationcan be handled by many differ-
ent ways.>¥3~3 A simple, and probably the most common, way to
deal with constraintsin algorithmssuch as GA and SA is to incorpo-
rate them into the objective function via penalties. In evolutionary
algorithms, the penalty function approach have been extensively
used in different types of implementations %" Methods that deal
directly with the constraints have also been proposed to avoid the
process of setting the penalty parameters because their values are
highly problemdependentand if not properly setcanlead to subopti-
mal designs.3~3% Alternatively,adaptive penalty schemes have been
proposed in such a way that the parameters are set automatically,
without the need of fine tuning them for a particular application >’

For the GEO, side constraints(the boundson the design variables)
are directly incorporated when the design variables are encoded in
binary form. Equality and inequality constraints are easily incorpo-
rated into the algorithms simply setting a high (for a minimization
problem) or low (for a maximization problem) fitness value to the
bit that, when flipped, leads the configuration to an unfeasible re-
gion of the design space. For example, in a minimization problem,
when the fitness values are being attributed to the bits in step 2 of
the algorithm, the ones that, when flipped, result in a configuration
thatis not feasible, receive a high value for AV;. (The same value is
attributed to all bits in which this occurs.) This means that those bits
will be considered well adapted and will have a low probability to
be flipped in step 4. However, they are not forbidden to be flipped,
which makes the algorithm able to walk through infeasible regions
of the design space. This provides great flexibility to the algorithm
that can, for example, be applied to design spaces that present dis-
connected feasible regions. In fact, the GEO can even start from
an infeasible solution. In this case, a dummy value is attributed to
Viest in the initialization of the algorithm that is replaced by the first
feasible value of V found during the search in step 6.

Note that other ways to take into account constraints in GEO
may also be easily implemented, including the penalty function ap-
proach.However, the described approachis very simple to apply and
does not introduce any new adjustable parameters in the algorithm.
Moreover, it was efficient so far in finding the global minimum of
constrained test functions, as we will see later in Sec. I'V. Nonethe-
less, a detailed study of the performance of the GEO algorithm for
differentkinds of constrained functions and of differentapproaches
to tackle them will be the subject of future research.

Variation of GEO: GEOy,,
A slightly differentimplementation of the GEO algorithmis ob-
tained, changing the way the bits are ranked and mutated. The new

implementation follows the same steps of the GEO algorithm but
ranks and mutates separately the subpopulations of bits that repre-
sent each variable.

In this new implementation, the fitness number is attributed to all
bits in the same way that is done for the GEO in step 2. However,
instead of ranking all bits according to step 3, they are ranked sep-
arately for each variable. Hence, in the example shown in Table 1,
where the bits were ranked from k=1, 14, in the new approach
they are ranked from 1 to 7, for each variable. The ranking process
uses the values of AV; obtained in step 2. In step 4, one bit of each
variable is chosen to be mutated in the same way of GEO, but the
process is done independently for each variable. Hence, at each it-
eration, N bits are mutated in this new implementation of GEO,
one per variable, whereas in its canonical form only one bit is mu-
tated per iteration. We named this variation of the GEO algorithm
GEO,,. The idea behind GEO,,, is to try to improve all variables
simultaneously, at each algorithm iteration, as an attempt to speed
up the process of searching the global minimum.

In Fig. 2, the main characteristics of the basic EO, the 7—EO, and
our proposed algorithm GEO, with its variation GEO,,,, are shown
in flowcharts.

As already mentioned, the motivation for the creation of the GEO
method was to generalize the T—EO method, so that the process of
having to devise a new way to attribute the fitness for the design
variables at each new problem would be avoided. This is exactly
what is obtained with the coding of the design variables in a popu-
lation of bits. The process of fitness setting for each design variable
is substituted by a procedure of bit fitness setting that is “problem
independent.” Moreover, this approach can deal with any type of
variable.

In terms of approach, GEO has some similarities with both GA
and SA. As in GA, GEO works over a population, although in GA,
this population is represented by a set of solutions that coexist and
interact throughout the search process, whereas in GEO there is
a population of bits representing only one design solution at each
iteration. In GA, the population evolves through selection, mating,
and mutation, whereas in GEO mutation is the evolutionary driving
force. Analogous to SA, GEO works with one design solution per
iteration and has a specific procedure to accept or reject a move
in the design space. However, in the GEO there is no annealing,
and whereas in SA a move that improves the value of the objective
function is always accepted, in GEO only the worst adapted bit, if
chosen, will be surely mutated. Moreover, the neighborhood to be
probed in each iteration is automatically defined in GEO, whereas
in SA one has to choose among many available strategies, or create
a new one. In practice, the main difference between the GEO, SA,
and GA approaches is in the use of free parameters to guide the
search. As pointed out before, GEO uses only one free parameter,
7 whereas GA and SA each use at least three, which makes GEO
easier to be fine tuned to a given application.

It now has to be seen if the GEO algorithm can really be effective
in solving optimization problems. This is what is shown next, in
Secs.IV and V.

IV. Numerical Experiments

To evaluate the performanceof the GEO algorithm we chose a set
of five nonlinear test functions previously used to test other types
of stochastic algorithms.'-33=4! The set covers complex features
such as multiple local optima, nonlinear relations between the de-
sign variables (nonseparable functions), and nonlinear equality and
inequality constraints.

All tests were done comparing the performance of the GEO algo-
rithm (GEO and GEOy,) with the performance of variations of SA
and GAs. For comparison purposes, we apply here the same metric
as used in the references from where the test functions have been
selected, and the results are shown in the same format used in them.
Performance is measured either as the number of function evalua-
tions (NFE) needed to find the global solution or as the best solution
found after a given NFE value. The NFE is probably the best way to
compare the computationalcost between two stochastic algorithms.
As mentioned in the Introduction, these types of algorithms usually
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Fig. 2 Flowchart of EO, 7-EO, and GEO approaches, where *[; is the number of bits of each variable, with j =1, N.

require a large number of function evaluations, and thus, the com-
putational costs will be driven by the NFE and not by any internal
procedure of the methods. As with any stochastic algorithm, the
performance of GEO is influenced by its control parameter r. To
find the “best” value of T applicablefor each test function, we varied
T in the range [0.25,3.0] with steps of 0.25. The results presented
for the GEOs are the ones obtained with the best value of 7 for each
test function.

In the following, each test function is presented, a brief introduc-
tion of the GEOs’ competing algorithms is made, and the perfor-
mance results are shown and compared.

Test Function 1
Minimize

F(X)= %(xlz + x%) — cos(20rx,)cos(20mr x,) + 2
subjectto

—10 < x; < 10, j=12

This function has only two design variables but is nonsepara-
ble and highly multimodal with 40,000 local minima in the range
X €[—10, 10]. The global minimum is located at {0,0}, where the
objectivefunctionvalue F'(X,y) is 1. The performanceof the GEOs,
measured as the NFEs for finding the global optimum with a pre-
cision of |F(X) — F(Xon)| <0.0001, is compared to the perfor-
mances of the simulated evolution (SE),*! the guided evolutionary

SA (GESA),*! and the region reduction SA (RRSA)!® algorithms.
SE, one of the original approachesof EAs,?®+*2 uses a process of off-
spring generationdriven only by the mutation operator?® In GESA,
the annealing approach coming from the canonical SA is applied
to the SE scheme in the process of selection and reproduction of
individuals. In RRSA, many points are used in the search process
(canonical SA uses only one), in such way that it systematically
eliminates regions of the design space that have low probability of
containing the global solution.

For GEO algorithms, each design variable was coded in strings
of 18 bits. This means a precision of 0.0001 for the design vari-
ables. The other algorithms use a real representation for the design
variables.

To give anidea of the influence of the T parameteron performance
of GEO algorithms, the NFE to reach the stopping criteria as a
function of t is shown in Fig. 3, for test function 1.

From Fig. 3, it can be seen clearly that there is a value for t (or at
least a narrow range) that gives the best results. Note that this value,
although close, is different for GEO and GEO,,,. The same kind
of curve can be obtained if, instead of the record of the NFE, we
use the best value of F'(X), found after a given number of function
evaluations, as a measure of performance.

In Table 2, the performance of the GEOs are compared with
that of the algorithms SE, GESA, and RRSA. As said before, the
metric used in this test function to compare the performance of the
algorithms is the NFE necessary for them to find a solution close
to the global optimum in the range |F (X)-F(X,,)| <0.0001. In
Table 2, average results of 50 runs for each algorithm are shown.
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Table 2 Results for test function 1, best solution, 50 runs

Method
Function GEO GEOy,,
value range SE? GESA* RRSA" (r=1.50) (t=1.75)
[1.0000,1.0001]  66% 100% 100% 100% 100%
[1.0024,1.0026]  34%
Average NFE 800,000 800,000 92,254 293,810 164,070
*From Yip and Pao.*!  ®From Moh and Chiang."”
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Fig. 3 Average NFEs in 50 independently runs of the GEOs algo-
rithms, to find the global solution as a function of T for test function 1.

Althoughthe GEO algorithmsclearly demonstratedbetter perfor-
mance than SE and GESA, they performed worse than the RRSA.
Note, as mentioned by Moh and Chiang,!® that the great difference
in performance from SE and GESA to RRSA may be due to the
stopping criterionused by Yip and Pao.*' They used a fixed number
of generations as the stopping criterion, which led to the 800,000
function evaluations shown in Table 2. The same rationale is also
valid for the comparison between the SE, GESA, and the GEO al-
gorithms. However, we remark that, even with 800,000 function
evaluations, the SE was not capable of reaching better precision
shown in Table 2 for all of the runs. Finally, the results in Table 2
indicate that, for test function 1, GEO,,, has a better performance
than GEO.

Test Function 2 (Griewangk Function)
Minimize

ul xz. N X
FX)=1+ i _ cos(—’,)
2o L7

subjectto

—600 < x; <600, j=1,N, N =10

This is a multimodal nonseparable function with 10 design vari-
ables. It has a global minimum at X = {0, ..., 0}, where the value
of the objective functionis zero. The performance of the GEO algo-
rithms is compared to a standard GA and the cooperative coevolu-
tionary GA (CCGA) presented by Potter and De Jong.** In CCGA,
each design variable represents one species with many individuals.
The fitness of each individualis assignedin accordanceto the return
value of the objective function, obtained combining each individ-
ual of a given species with selected ones from the other species,
and a standard GA is used to combine the individuals within each
subpopulation.

The performance results for test function 2 are shown in Fig. 4
for a standard GA, the CCGA, and the GEOs. The metric used to
compare the algorithms is the variation of the average of the best
objective function values, found in 50 independent runs of each
algorithm, as a function of the NFEs in the search process. Binary
representations were used in all algorithms, with 16 bits encoding
each variable.

It can be seen from the results shown in Fig. 4 that the GEOs
worked much better then the standard GA for test function 2,
whereas GEO,,, outperformed all algorithms.

Test Function 3
Minimize

F(X) =0.25x;1 — 3x13 + llxl2 —13x, —1—0.251631 — 3x§ +1 1x§ —13x,
subjectto

Xy +x, >4, 0=<x; <6,

; i=12

This function is multimodal with a linear inequality constraint.
It has a global minimum at X = {5.3301, 5.3301}, where the value
of the objective functionis F (X, ) = —18.568. In Fig. 5 the “land-
scape” of test function 3, in the range X € [0,6], is shown. The black

8.0 —

* GEO (t=1.25)

® GEOvygr (t = 2.50)
< Standard GA

O CCGA-1

Average of best values of the

objective function

0 20000 40000 60000 80000 100000
Number of function evaluations

Fig. 4 Average of the best objective function values found, in 50 inde-
pendent runs of all algorithms, as a function of NFEs for test function
2; standard GA and CCGA-1 From Potter and De Jong.’

Infeasible
region Feasible

region

Fig. 5 Landscape of test function 3.
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plane cuts the /' (X) surfaceand the x, x, plane, where the inequality
constraint is active, indicating the border between the feasible and
infeasible regions.

This function was used by Hajela and Yoo?® to assess the perfor-
mance of an expression-based GA, designed to tackle constrained
problems. In expression-basedschemes, feasible and infeasible so-
lutions are combined such that even good information contained
inside infeasible individuals can be retrieved and passed to future
generations of solutions. In the approach described in Ref. 38, the
individuals of the population are encoded in binary strings, and
feasible and infeasible solutions are combined in a bit-by-bit basis
usingan expressionoperator. Two schemes were proposed, and their
performance was tested againsta standard GA that used the penalty
method to take care of the constraints. In Table 3, the performances
of these algorithms are compared with those of the GEOs. The met-
ric used to compare the algorithms is the NFEs necessary to find
the global minimum. The GAs in Ref. 35, either the standard or
the expression based, used 10 bits to encode each variable, and the
same was done in the GEOs. No informationwas givenin Ref. 35 on
the strategy used to identify the global solution, but we considered
that a good criterion would be to stop when the algorithm found a
solution in the range | F (X)—F (X )| < 0.001.

In Table 3 the NFE for each algorithm find the global minimum
is shown for eight runs of each.

The results indicate that the GEOy,, algorithm performed better
than the GAs. However, because the starting points from where
the GAs’ searches were started in Ref. 38 are not known, a direct
comparison of performance for such small number of runs could be
misleading. In fact, when we ran the GEO algorithms for 50 runs,
we obtained an average value of 5415 NFE for the GEO and 3343
for the GEO,,.. Nevertheless, it can surely be said that both GEO
algorithms were capable of finding the global minimum within the
numerical precision, with the GEO,,, performing better than the
GEO.

Althoughit is not the purpose of this paper to compare the perfor-
mance of the GEO approach with gradient-based methods, it is in-
teresting to investigate here what would be the final solutions found,
for test function 3, with one of such methods. For this, we performed
50 runs using the sequential quadratic programming (SQP) routine
(EO4UCF) from Numerical Algorithms Group (NAG) FORTRAN
library (Version Mark 17), starting from the same initial points used

Table 3 Results for test function 3, NFEs

Method
GA with GA with
Original expression expression GEO GEOy,r
Run GA*? strategy 1 strategy 2* (r =1.25) (r=1.50)
1 1376 1143 1071 4681 316
2 1593 1343 1975 4001 274
3 3396 4066 5263 2961 925
4 5664 4546 1355 661 4033
5 1407 2629 724 1081 484
6 1724 1009 4850 2221 715
7 611 252 752 4521 2038
8 1221 3789 645 8301 3235
Average® 2124 2347 2079 3554 1503

8

“From Hajela and Y00.®  "Results rounded to closest integer.

for the GEOs. These initialization points were generated randomly
with uniform distributionin the whole design space defined by the
bounds on the design variables that includes the infeasible region.
From these 50 SQP runs, 13 converged to the local minimum at
{0.8716, 5.3301} and 13 to the other local minimum that exists in
the feasibleregionat {5.3301,0.8716}. Only 24 of the 50 runs (48%
of the total) found the global solution at {5.3301, 5.3301}. This il-
lustrates that, even for a fairly well-conditioned test function such
as test function 3, the main weakness of gradient-basedalgorithms,
convergenceto local minima, may lead to suboptimal designs with
a nonnegligible probability, even using a multistart strategy.

Test Function 4
Minimize

F(X) = )cl2 + x1x, + 2x§ — 6x1 — 14x, — 12x3
subjectto

X+ x +x3 = 20, —x; +2x, <30

0 < x,,x3 <20, x>0

Test function4 haslinear equality and inequality constraintsand a
global minimum at X = {0, 0.5, 19.5}, where the objective function
value is —240.5. It was chosen from Ref. 40, where it was used
to assess the performance of the progressive GA (PGA). PGA was
specially developed to tackle problems with nonlinear equality and
inequality constraints. In PGA, the search process is divided into
two phases. First, the nonlinear constraintsare linearized, and then,
the simplified problem is solved by a conventional GA. The GA
works on subdomains of the design variables. The idea behind the
PGA approachis to transforma complex optimization problem with
nonlinear constraints into a series of simplified problems that are
solved by a GA. In PGA, the first derivatives of the constraintshave
to be calculated, whereas the derivatives of the objective function
may also be used to increase the performance of the algorithm, if
available.

In Table 4, the results for the standard GA represent single runs
with a population size of 50 individualsin the 100th generation *
which gives a total of 5000 NFE for each run with the standard GA.
For PGA, the results for single runs, are also shown. However, it
was not possible to estimate the NFE for each of them because no
information was given in Ref. 40 concerning the number of gener-
ations used by the internal GA incorporated to the search step of
the PGA algorithm nor the NFE performed on its iteration step. For
GEOs, 50 independent runs were performed for each implementa-
tion, and the stopping criterion was the same used in the standard
GA, thatis, the search stopped when the NFE surpassed 5000. Note
that because of the way the GEO algorithms are implemented, af-
ter the search stopped, the NFE was always slightly greater than
5000. It stopped after 5009 NFE for the GEO and after 5016 for
the GEO,,,. The GEO performed better for r = 1.00, with an aver-
age best found value for F(X) equal to —238.3132. Of the 50 runs
performed for the GEO, 15 resulted in best found objective func-
tion values in the range [—240.4000, —240.5000], with 5 of them
reaching the value —240.4983. The best results for the GEO,,, were
obtained also with T =1.00, with an average value for F(X) equal

Table 4 Results for test function 4

Standard GA with
a - a a
Exact penalty function’ PGA GEO GEO,,
Variable  solution a=10° a=100° y =0.01¢ y =0.1° (t=1.00) (zr=1.00)
xi 0.0000 0.0000 0.0000 0.0018 0.0011 0.0000 0.0000
X2 0.5000 0.8627 2.6667 0.4378 0.4900 0.4706 0.4706
X3 19.5000 19.6863 17.4902 19.5604 19.5089 19.5294 19.5294
F(X) —240.5000 —243.8110 —230.5330 —240.4810 —240.4926 —240.4983 —240.4983

“From Guan and Aral.*®  ®Penalty coefficient. ~“Interval contraction coefficient.
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to —237.8066. Of the 50 runs performed for the GEO,,, 8 resulted
in objective function values in the range [—240.4000, —240.4500],
with one reaching —240.4983.In Table 4 the best results found for
the GEO algorithms in the 50 runs are shown. In all algorithms, each
variable was encoded in 8 bits.

For test function 4, it can be said that both GEO algorithms pre-
sented similar performance, although GEO was slightly superior
on average. In all runs, the minima found by the GEO algorithms
always satisfied the constraints. On the other hand, the standard
GA results represent infeasible solutions because they violate the
equality constraint. Note that the function value found by the GA
with @ =10 is lower than the feasible global minimum. A com-
parison between the performance of the GEO algorithms and the
PGA in terms of NFE was not possible because no information was
given concerning the NFE necessary for the latter to converge. Nev-
ertheless, it is mentioned in Ref. 40 that the GA seemed to have
required fewer computations than the PGA to find the solutions,
which indicates that the GEO, which used the same NFE as the
GA as stopping criterion, may also have performed better than the
PGA for this function. Moreover, as opposed to the PGA, which
requires the constraint functions to be first-order continuously dif-
ferentiable,the GEO algorithmscan tackle the constraintsregardless
of characteristics.

Test Function 5
Minimize

F(X) =x} 4+ 2x3x3 + 2x3
subjectto

Xtxnt+xi=4  x-n+2552 0=x <4

0 <x3 =< 2, X > 0

Test function 5 has nonlinear inequality and equality constraints
witha globalminimumat X = {0, 4, 0}, where the objectivefunction
value is zero. As was test function 4, it was chosen from Ref. 40.
Different from test function 4, only 50 generations were used to
obtain the results for the standard GA in test function 5 (Ref. 40).
Hence, in the GEO algorithms, the search stopped when the NFE
surpassed 2500. As for test function 4, 50 runs were performed
for the GEO algorithms. In Table 5, the best results obtained for the
GEOs are comparedto a standard GA and the PGA. In all algorithms,
8 bits were used to code each variable.

The best results for the GEOs were obtained for t varying in the
range [1.00,3.00], where the exact global minimum was found for
all runs. For GEO,,,, the best results were obtained for t =1.75.In
this case the average objective function value for the 50 runs was
0.0053, and the exact solution was found seven times.

For test function 5, the GEO algorithm clearly performed better
than the standard GA and the GEO,,,. As with test function 4, a
direct comparison with the PGA is not possible due to the lack
of information concerning the NFE used by the PGA to converge.
Nonetheless, for the same reason presented for test function 4, the
present results suggest that the GEOs have also performed better
than the PGA for test function 5.

From the results shown throughoutthis section, it can be seen that
GEO,,, performedequally as or better than the GEO for all functions
but the last one. This indicates that, at each iteration, mutating one
bitper variablemay be advantageouscompared to mutatingonly one
bit for the whole string. On the other hand, the functions where the
GEO,,, had similar or poorer performance than the GEO were the
more constrained ones (test functions 4 and 5), which may indicate
that the GEO may be more suitable to be used in these kind of
problems.

It was also observed that the values of 7 that gave the best results
for the test functionsusing the GEO were always smaller or equal (in
this case only for test function 5) to the best ones found for GEO,,;.
Note that the range where the best t was found for both GEOs is
not large, which means that the computational effort to fine tune t
is not really a burden for the method.

It can be also said that the GEO algorithms can deal well with
constrained problems, regardless of the kind of constraint. Equality,
inequality, side, linear, or nonlinear constraints are treated directly
by the GEO, without the necessity of using penalty functions or
more elaborate procedures.

In summary, in this section we have seen thatthe GEOs performed
competitively when compared with other popular stochastic algo-
rithms. In fact, both GEOs were outperformed only by the RRSA
algorithm, a more elaborate version of the SA. However, it must be
remembered that a best optimization method does not exist,”® and it
is not expected that the GEOs will work better than other methods
for all problems. On the other hand, other implementations for the
GEOs may be tried to improve their performance as, for example,
the use of a real representation for the design variables.

As an example of an applicationof the GEO algorithmin a design
optimization problem, it is applied to the design of a low-speed
airfoil, in the next section.

V. Application to Airfoil Design

In this example, we apply the GEO algorithm to the design of a
glider airfoil. Hence, the primary objective of our optimization is
to find a profile that gives the maximum value of the ratio C; /Cp,
where C, is the lift coefficient and C), is the drag coefficient. Aero-
dynamic and geometric constraints are also imposed to the search.

The basis vector approach** is used to search the optimal airfoil.
That is, some basis airfoils are combined linearly, and the resulting
shape is tested for aerodynamic performance. In this approach the
design variables are the coefficients that multiply the basis airfoils.
Mathematically the combined airfoil shape can be expressed as

YZiH[Y[ (4)

i=1

where Y is a vector of the upper and lower surfaces coordinates
Yus and yj, respectively,and Y;, i =1, ..., N, contains the surface
coordinatesof the basis airfoil i. They are defined as percentagesof
the airfoilchord that was setequalto 1 (nondimensional).The design
variables are the a, ..., ay coefficients of the linear combination
in Eq. (4). The coordinatesystem for the airfoils is composed of two
perpendicularaxis (Y and Z), with the Z axis positioned along the
airfoil chord.

Table 5 Results for test function 5

PGA?y = 0.1°
Standard GA with -
penalty function® Search Search
Exact start at start at GEO¢ GEOyar
Variable solution a =104 a = 1004 {2,0,0} {1.4,1,1} (r = 1.00-3.00) (r = 1.75)
X1 0.0000 0.5647 0.1098 0.0000 0.0000 0.0000 0.0000
X2 4.0000 3.6549 3.9843 4.0000 4.0000 4.0000 4.0000
X3 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
F(X) 0.0000 0.18035 0.00264 0.0000 0.0000 0.0000 0.0000

“From Guan and Aral.*

"Interval contraction coefficient.

“Exact solution found in all 50 runs performed for the GEO.

dPenalty coefficient.
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The optimization problem can then be stated as follows: Find
a;,i=1, N, that maximize C; /Cp of the resulting airfoil, subject
to the following constraints:

1) The airfoil thicknessis great than or equal to zero for all stations
along Z.

2) The airfoil volume must be between 0.075 and 0.090.

3) No boundary-layerseparationis allowed.

4) The moment coefficient C;; should be greater than —0.075.

The first two constraints are geometric constraints posed to the
search to avoid geometric unfeasible designs. The range chosen
for the second constraint depends also on structural concerns, and
the limiting values used here may vary, depending on the type of
constructionused for the wing.

The third constraintwas posed to keep the airfoil C, low, whereas
the fourth constraint put a limit on the Cy, so that it would have a
minor effect on the design of the horizontal empennage and, hence,
on the total drag of the glider.

Five base airfoils were used in this problem. All of them NACA
four digits, namely, NACA 0012, NACA 1412,NACA 2412, NACA
4412,and NACA 6412. All profiles were generatedusing the NACA
four-digit series thickness and mean line equations* The coeffi-
cients on Eq. (4) related to them were set as a,, a, a;, a4, and as,
respectively. The flow over the airfoil is calculated using a poten-
tial flow code coupled to a boundary-layercode, to obtain estimate
values for the lift, drag, and moment coefficients, for the laminar—
turbulent transition point position, and for the separation point lo-
cation. The method used for calculating the potential flow over the
airfoils is a modified version of the panel method*® based on the
source and vortex singularities method of Hess and Smith.*’ The
airfoils were mounted with a discretization comprising 80 panels.
The boundary-layer flow is obtained by using the integral equa-
tion method, developed by Rotta.*® The calculationis started at the
stagnation point, whose position is determined from the pressure
distribution previously obtained with the potential flow code. Then,
the boundary-layercode is used twice, for the upper and lower sur-
faces. The transition point is estimated by the Michael criterium
(see Ref. 49), and the displacement thickness is calculated along
the airfoil surface. The viscous—nonviscous coupling is performed
by a transpiration procedure, where nonzero values for the normal
velocity are used to simulate the boundary layer in the potential flow
calculation. These new values are obtained from the displacement
thickness distribution, calculated in the boundary-layer code. The
nominal flow condition for the calculation of the aerodynamic pa-
rameters was set as o« = 2.0 deg and Re = 1.25 x 10°, where « is the
angle of attack and Re the Reynolds number.

The search for the optimal set of design variables was made in
two ranges: 0.0 <a; <1.0and —1.0 <qg; <1.0. A precisionof 0.01
on the design variables was used. Hence, they were coded in 7 bits
for the shorter range and 8 bits for the broader range. Two initial
points were chosen to start the search, one from a randomly con-
structed initial profile and the other from the NACA 0012 airfoil.
Note that due to the discrete character of the binary representation,
the starting point for the search beginning with the NACA 0012 air-
foil for the 8-bit representation differed slightly from the one with
7 bits. In the 7-bit representation, the search started from an airfoil
composed by the linear combination of the five NACA airfoils with
all coefficients but the one related to the NACA 0012, equal to zero
[with a binary representation identical to (0,0,0,0,0,0,0)]. The one
related to the NACA 0012 was equal to 1.00 [with a binary rep-
resentation identical to (1,1,1,1,1,1,1)]. With 8 bits, there is not a
correspondencebetween a binary sequence and a real value of 0.00.
Hence, the binary sequence that more approximatesthe real value of
0.00 was used [(1,0,0,0,0,0,0,0)= 0.00392157], for the coefficients
related to the airfoils NACA 1412, NACA 2412, NACA 4412, and
NACA 6412, in this case.

As for the set of test functions, 50 independent runs were per-
formed for each search. Hence, for the randomly started searches,
they initiated from 50 different starting shapes. The criterion used
to stop the search was when the number of function evaluationssur-
passed 10,000. The adjustable parameter T was varied in the range
[0.25,2.25]in steps of 0.25.

Table 6 From NACA 0012 airfoil start, run percentages resulting
in objective function values within the range, for 50 independent
runs in the interval [—1,1]

Range CrL/Cp
Algorithm <90 (90,100) (100,110) >110 Average Best
GEO (t = 1.25) 18%  36% 24% 22% 98.698 117.924
GEOy, (t =2.00) 64% 20% 14% 2% 80.853 111.646

Table 7 Values of the design variables that resulted in the best found
design for a search ina; € [—1,1], starting from the NACA 0012 design

Value of design variables®

Algorithm aj ar as ay as CL/Cp

GEO (r = 1.25) 035 —-0.03 -0.33 090 0.04 117.924
GEOy,r (r =2.00) —0.87 0.81 0.87 0.17 —-0.04 111.646

“Numbers rounded to variable precision.
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Fig. 6 Evolutionofbestfound C;/Cp as a function of NFE for the cases
shown in Table 7.

On average, the GEO and GEO,,, algorithms gave better results
when the design variables were varied in the range [—1,1], starting
from the NACA 0012 airfoil. In Table 6, the results for these cases
are summarized. In Table 7, the best values found for the design
variables are shown, and in Fig. 6 the evolution of the best C;, /Cp,
as a function of NFE, that led to the results shown on Table 7 is
presented.

From the resultsin Table 6, it can be seen that the GEO performed
better than the GEO,,, algorithm on average and also had a better
distribution of results, in the sense that it had much more individual
searches guided to the direction of the best results (C./Cp > 110)
than the GEO,,,.

Note in Table 7 that airfoils NACA 4412 and NACA 6412 al-
though not even being feasible designs, because they violate the
boundary-layer separation constraint, can significantly contribute
to the search of an optimal solution, as shown by the results for the
GEO. In fact, most of the designsthatresultedin C, /Cp > 100, had
significant contributionsfrom one or both of those airfoils. Naturally,
good designs may also be obtained with only a small contribution
of one of them, as shown by the result for the GEO,,, in Table 7.

Figure 6 shows the best value of C;/Cp, as a function of NFE,
found in the searches that led to the results shown on Table 7. The
dots on the curves indicate positions where feasible designs were
found. (The values plotted are the best designs found so far in the
search.) It was observed that searches made with GEO were more
likely to stay in the feasible region of the design space than searches
made with GEO,,,. Changing all variables at the same time in each
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iteration, as with GEO,,,, made the search frequently “jump” into
infeasibleareas. This indicatesthat the design space for this problem
may be quite constrainedand keeping a more conservativeapproach
as the algorithm probes the design space, as when using GEO, was
advantageous. Note that the results for the airfoil corroborate those
for test functions 4 and 5. That is, for highly constrained design
spaces, GEO seems to perform as good or better than GEO,y,.

This simple example of a design application for the GEO algo-
rithm, together with the results for the test functions, illustrates its
potential for dealing with complex design spaces. Other variants of
the method, or hybrids, may also be implemented. Together with
its application to other design problems, they are subjects of our
current research.

VI. Conclusions

A new stochastic optimization algorithm, GEO, was introduced.
Inspired by the SOC theory, it is demonstrated to be capable of per-
forming quite well in a set of complex test functions that posed such
challenges as multiple local optima and nonlinear inequality and
equality constraints. Its application to a real design problem high-
lighted its characteristic of being easy to implement and effectivein
finding good solutionsover complex designspaces. Althougha com-
petitive alternative to such methods as the SA and the GAs, it must
be remembered that a best optimization algorithm does not exist
and that it is not expected that the one introduced here would out-
perform all other kinds of stochasticalgorithmsin all cases. Rather,
the present study is intended to show that it is a good candidate to
be incorporated into the designer’s tool box.
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